Analysis of an SU(8) model with a spin- 
I. INTRODUCTION
In earlier papers by the author [1] , by the author with Henneaux and Pais [2] , and with Pais [3] , we analyzed an abelianized gauged model in which a spin-3 2 field is directly coupled to a spin-1 2 field, and carried out a perturbative calculation of the gauge anomaly. This calculation showed that the combined anomaly of the coupled spin- anomaly, whereas prior anomaly lore [4] for spin-3 2 fields would have suggested a multiplier of 4. The aim of this paper is to extend the earlier calculation of [1] to the full SU (8) model from which the abelianized model was abstracted. We again find an anomaly multiplier of 5 for the coupled spin- we originally proposed in [5] , with interesting features which we analyze. This paper is organized as follows. In Sec. 2 we give the Lagrangian for the coupled sector of the SU (8) model, and formulate the momentum space equation for the fermion propagator matrix.
In Sec. 3 we find an exact solution for the propagator and discuss its properties. In Sec. 4 we give the vertex part Feynman rules and the Ward identities relating the propagator and vertex parts.
In Sec. 5 we use the computation of [1] to calculate the anomaly in the non-Abelian coupled model. In Sec. 6 we give the extension of the model needed to restore SU (8) anomaly cancellation and boson-fermion balance, and in Sec. 7 we discuss features of the revised model.
II. THE COUPLED SECTOR LAGRANGIAN AFTER SU (8) SYMMETRY BREAKING AND THE FERMION PROPAGATOR EQUATION A. The Lagrangian
For the abelianized model of [1] , the Lagrangian density was
We now generalize back to the SU (8) model from which Eq. (1) was abstracted, by inserting SU (8) group indices, and by replacing the mass m in the abelianized coupling term by the classical SU (8) symmetry-breaking minimum φ [αβγ] of the 56 representation scalar field φ [αβγ] (with the interaction coupling absorbed into φ). So our starting point for the analysis of this paper is
where t α A δ is the SU (8) generator for the fundamental 8 representation. Introducing Fourier transforms
the action of Eq. (1) takes the form (with / k = γ ν k ν , and relabeling dummy indices in the interaction term)
where we have defined
The propagator for the coupled ψ α µ and λ [αβ] fields is the matrix N
III. EXPLICIT SOLUTION FOR THE PROPAGATOR AND ITS PROPERTIES
Eq. (7) gives a set of four equations for N 1 , ..., N 4 . In terms of the matrix
which we assume to be invertible, these equations can be solved to give the unique answer
We consider in this paper only the case when M is invertible, which will be illustrated with a concrete example below; when M is not invertible, the action of Eq. (2) has a fermionic gauge invariance that requires adding gauge fixing and ghost terms to the action. We note that when φ is scaled in magnitude to infinity, as is relevant for the anomaly calculation below, the off-diagonal matrix elements of N vanish, and N δ 1ρσ γ ′ reduces to its first termÑ ρσ δ δ γ ′ . So in the large φ limit, we have
which is a direct product of a Dirac gamma matrix part and an internal symmetry part.
We turn next to the properties of the matrices M and P . Taking the complex conjugate of M , we have
so M is self-adjoint and when diagonalized has real eigenvalues. Contracting P with itself, we find that
so P is a projector. Contracting P
[αβ] on the right with φ [α ′ β ′ ǫ] , or on the left with φ [αβǫ] , we get
thus we see that P is a projector on the 28 subspace orthogonal to the scalar field classical value
From the action of Eq. (2), we see that the vertex part Feynman rule for the vector gauge field
with Γ A the internal symmetry matrix
and with the free indices understood to act on the corresponding indices in row and column vectors standing to the left and right of V ν A in the same matter as these indices act in Eqs. (4) and (5). The corresponding axial-vector vertex part is obtained by right multiplication by γ 5 ,
Rewriting Eq. (5) to include the momentum argument k,
we see that M(k + p) − M(p) contains no off-diagonal matrix elements, and is given by
Thus comparing with Eq. (15), we see that the vector vertex and the inverse propagator M = N −1 are related by the Ward identity
The analogous Ward identity for the axial-vector vertex is obtained by right multiplication by γ 5 .
V. ANOMALY CALCULATION
A. Analysis for general symmetry-breaking φ [αβγ] with M invertible
We turn next to the anomaly calculation in the coupled model, closely following the methods of [1] . Since the anomaly is a topological quantity, it is independent of the magnitude of φ, so we can simplify the calculation by scaling φ to infinity. The propagator, vertex parts, and Ward identities then become direct products of a Dirac matrix factor and an internal symmetry matrix factor, both of which have off-diagonal matrix elements equal to 0. For the upper diagonal matrix elements, the anomaly calculation then reduces to that of Sec. 13B of the abelianized case discussed in [1] , times an internal symmetry factor. For the lower diagonal matrix elements, the anomaly calculation reduces to that of Sec. 13A of [1] , again times an internal symmetry factor. The combined result of the upper diagonal and lower diagonal contributions is
with upper diagonal contribution
the usual internal symmetry anomaly factor for a fundamental 8 representation, and with lower diagonal contribution
an analogous internal symmetry factor for the 28 representation acted on by the projector P . At first sight one worries that Eq. (23) might give a non-integral anomaly, because of the extra factors P in the lower diagonal contribution, but since P is a projector with diagonal elements 0 or 1 this does not happen. On the part of the 28 that couples through φ to the Rarita-Schwinger field and which is already taken into account in the upper diagonal contribution giving the D ABC term, P acts as 0 and there is no lower diagonal contribution. On the orthogonal part of the 28 where P acts as 1, which does not couple to the Rarita-Schwinger field, the lower diagonal piece gives the usual group theoretic anomaly factor.
The factor of five in the first term of Eq. (21) corresponds precisely to the similar factor found in the abelianized case. A simple heuristic explanation for this factor is that, following AlvarezGaumé and Witten [4] , the four-vector index µ of the Rarita-Schwinger field leads to an anomaly contribution that is a factor of 4 times the usual spin-1 2 anomaly for the corresponding group representation. For the uncoupled Rarita-Schwinger theory, there is a Dirac first class constraint that requires gauge fixing and ghosts, leading to an extra contribution of −1 times the usual anomaly, giving the result of a factor of 3 times the usual anomaly cited in the papers of [4] .
However, in the coupled model, the Rarita-Schwinger constraint is Dirac second class, which when exponentiated gives a non-propagating ghost field with zero anomaly contribution. Thus the total in this case is the naive 4 for the Rarita-Schwinger field, plus an additional 1 for the spin-1 2 field to which it is coupled, giving the total of 5 found in [1] , [3] for the abelianized model and here, before inclusion of group theoretic factors, for the non-Abelian case. This heuristic argument also indicates that the way to restore anomaly cancellation in the SU (8) model of [5] is to add an additional left chiral 8 spin- In [6] we analyzed the Coleman-Weinberg [7] symmetry breaking mechanism for the scalar field φ [αβγ] arising from its coupling to SU (8) gauge boson loops. We performed a numerical search of the parameter subspace that is compatible with the symmetry breaking chain SU (8) ⊃ SU (3) × G, with G to be determined. This gave a stable local minimum φ [αβγ] with the only nonzero elements given by
corresponding to the symmetry breaking chain SU (8) ⊃ SU (3) × Sp(4). For this φ, the matrix M defined in Eq. (9) is diagonal with nonzero diagonal elements
Thus M is invertible, and the analysis of the previous section applies. To see in detail how the anomaly is determined, we note that under SU (8) ⊃ SU (3) × Sp(4), the SU (8) fundamental 8 representation decomposes as 8 = (1, 1) + (1, 4) + (3, 1) . In terms of this branching decomposition, the interaction Lagrangian density term ψ νγ γ ν λ [αβ] φ [αβγ] in Eq. (2) takes the form
and similarly for its adjoint in Eq. (2). In Eq. (26), the first sum over j goes over the four components of the 4 representation of Sp (4), and the second sum over j goes over the three components of the 3 representation of SU (3). Under SU ( (4) are anomaly-free, the only anomaly contribution actually arising from Eq. (26) and its adjoint comes from the final term with coefficient b, which involves the 3 representation of SU (3). So anomaly cancellation consists of balancing the total number of SU (3) triplet representations 3 against an equal number of SU (3) anti-triplet representations 3.
VI. THE EXTENDED SU (8) MODEL WHICH GUARANTEES ANOMALY CANCELLATION AND BOSON-FERMION BALANCE
As we have seen in the preceding sections, to guarantee SU (8) anomaly cancellation, the original model of [5] must be extended to include an additional representation 8 spin- Table I. We have denoted by λ 1[αβ] the 28 spin- 
field that does not couple to the Rarita-Schwinger field. The total helicity count for the fermion fields is 256. The fields above the horizontal line, and the fields below the horizontal line, separately cancel SU (8) anomalies. For the set of fields below the horizontal line, which corresponds to models previously studied by a number of authors [8] , the SU (8) anomaly count in units of the standard spin-1 2 anomaly is 5 for the 56, −4 for the 28, and −1 for the 8, totaling 0. For the fields above the horizontal line, the anomaly count is 4 × 1 = 4 for the coupled spin-3 2 field in representation 8, which has a second class constraint, and −4 for the 28, again giving a total SU (8) anomaly of 0.
In addition to anomaly cancellation, in [5] where we introduced the SU (8) model we required boson-fermion balance. That is, although full supersymmetry was not imposed, the numbers of fermion and boson helicities were required to be equal. Thus, to compensate for the added 16 helicities associated with the added 8 representation, it is necessary to add 16 helicities associated with bosonic degrees of freedom. This can be done either by adding further gauge bosons, or by adding a complex scalar field in the 8 or 8 representation. For an added gauge boson to be compatible with the original SU (8) gauging, its generators must commute with the SU (8) generators, which by Schur's Lemma requires them to be multiples of the unit 8 × 8 matrix. This requires any added gauge boson to be a U (1) gauging, and so to get the necessary 16 helicities the added gauge group must be U (1) 8 , with gauge fields B µ a , a = 1, ..., 8. Since an analysis [9] of paths to the Standard Model from the group SU (3) × Sp (4) shows that a missing U (1) has to be supplied, either dynamically or kinematically, we choose the option of adding a U (1) 8 gauge group over the alternative of adding a new scalar field. This leads to extended boson sector of the SU (8) model given in Table II. When there are U (1) gauge fields, conditions on their couplings are needed to guarantee anomaly cancellation. Let Y i (r) denote the gauge coupling of the ith U (1) field to fermion representation r.
Cancellation of SU (8) 
for all i, j, k, with N (r) the dimension of the representation r. Since these conditions are homogeneous, we can always choose the coupling to a given representation r 1 to be unity, that is Y i (r 1 ) = 1.
So with 5 fermion representations present in Table I , there are 4 relative couplings Y i (r)/Y i (r 1 ) to be fixed by Eqs. (28) and (29) for each distinct i.
The simplest case is that in which all 8 U (1) groups couple in the same way, so that no index i is needed and we have Y i (r) = Y (r). There are then 2 conditions, and using the indices [10] ℓ ( 
These conditions leave two of the four relative couplings as free parameters. If we impose the additional constraint that Y (8) = Y (28 1 ), so that the coupling term is a U (1) invariant for fixed scalar field φ, then only one relative coupling remains as a free parameter.
The next simplest case is that in which the 8 U (1) groups form two sets A and B, within which 
VII. FEATURES OF THE REVISED MODEL
In this section we summarize some of the interesting features of the revised model, beyond the built-in anomaly cancellation and boson-fermion balance. So no special tuning of the Higgs mechanism is needed to get an unbroken color SU (3) subgroup.
2. The model is highly frustrated, in the sense that the chiral and SU (8) symmetries prevent the appearance of bare mass terms in the Lagrangian for the spin- 
In none of these can the indices be contracted to form an SU (8) invariant, so no bare mass terms are allowed. Only one of the above admits forming an SU (8) invariant when contracted 1 When there are n such sets within which the U (1) couplings are the same, there are 4n relative couplings to be fixed by the 2n + n(n − 1) + n(n − 1)(n − 2)/6 anomaly constraints.
(±1, ±1, 0, 0, 0, 0, 0, 0)
by taking an arbitrary combination of signs and an arbitrary permutation of coordinates, and the 128 roots with half-integer entries obtained from
by taking an even number of minus signs, so that the sum of all eight coordinates is even. Tables I and II relate to the geometry of the E 8 lattice in more subtle ways. The 2 helicities of the graviton and the 126 helicities of the SU (8) gauge bosons involve numbers that connect to the geometry of the E 8 lattice through the fact that any root and its negative, a set of 2, are orthogonal to exactly 126 other roots, irrespective of whether the initial 2 belong to the set of integer or half integer roots [14] . The 112 real components of the representation 56 complex scalar φ, and the 112 helicities of the representation 56 fermion χ, involve the same number as appears in the enumeration of the integer E 8 roots. And the 56 helicities of the representation 28 fermions λ 1 or λ 2 involve numbers that connect to the geometry of the E 8 lattice through the fact that any root makes an angle of π/3 with 56 others [14] . So all of the representation dimensions in the SU (8) model connect with geometric properties of the E 8 roots and root lattice. These intriguing relations warrant further investigation, to see if they can furnish an explanation for the mix of groups and representations assumed in the SU (8) model.
